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Polynomial Functions

A polynomial function is a function of a single variable that can
be expressed in the general form:

flxy= agxN +a VN P+ ap NP+ tay X a1 x + ay

Where the variable is x and the polynomial coefficient are
represented by the values a, a,....a

n.

The degree of a polynomial is equal to the largest value used as
an exponent.

g(x) = a0 x’ + a1 X" + 43X + 43 w—=> Cubic (degree 3) polynomial

h(x) = x> — 2x* + 0.5x — 6.5. w—=> Example for Cubic polynomial




Polynomial Functions

There are several ways to evaluate a polynomial using MATLAB

Example: flx) = 3x* — 0.5x> + x — 5.2

f - 3*}!“4 - 005*xA3 + X - 5.2;

If x 1s a vector or a
f = 3%*x.A4 - 0.5*%.43 4+ x - 5.2;/0—>

matrix

polyval (a,x) Evaluates a polynomial with coefficients a for the values
in x. The result is a matrix the same size as =x.

a = [3'-0051011'-5-2];
f = polyval(a,x);

f = polyval([3,-0.5,0,1,-5.2],x);




Polynomial Functions

This code will generate 201 points of the polynomial over the

desired interval.

¥x=0:5/200:5;

a=[-2,0,3,-2.5,0,-2.5];

g=polyval (a,x);
plot(x,qg),title('Polynomial Function')
set (gct, 'coloxr', 'w');

Polynomial Function




Polynomial Functions

. Polynomial Operations
g(x) = x* —3x* —x + 24
h(x) = 4x° — 2x* + 5x — 16
s(x) = g(x) + h(x)

MATLAB statements to perform this polynomial addition are

g = [1101'31"11204];
h = [0,4,-2,5,-16];
8 =g + h;




Polynomial Functions

MATLAB contains functions to perform polynomial

multiplication and division:

conv(a,b)

[g,xr] = deconv(n,d)

Computes a coefficient vector that contains the
coefficients of the product of polynomials repre-
sented by the coefficients in a and b. The vec-
tors a and b do not have to be the same size.

Returns two vectors. The first vector contains
the coefficients of the quotient and the second
vector contains the coefficients of the remainder
polynomial.




Polynomial Functions

Example:

g(x) = (3x° — 5x% + 6x — 2)(x° + 3x* — x* + 2.5)

a [3’-5’61-2];
b [1'3’0’-1'0’2.5];
g conv(a,b);

g(x) = 3x% + 4x” — 9x® + 13x° — x* + 1.5x°> — 10.5x> + 15x — 5




Polynomial Functions

g(x) = 3x% + 4x” — 9x® + 13x° — x* + 1.5x°> — 10.5x> + 15x — 5

3x° + 4x” — 9x® + 13x° — x* + 1.5x° — 10.5x* + 15x — 5
x +3xt*—x*+25

g [3,4’-9'13'-1'105,-1005'15’-5];
b [1,3,0,"1,0,2.5];
[d,r] = deconv(g,b);

As expected, the quotient coefficient vector is [3,-5,6,-2], which
represents a quotient polynomial of 3x3-5x2+6x-2, the remainder

vector contains zeros.




Polynomial Functions
 Roots of Polynomial:

The solution of many engineering problems involve finding the

roots of an equation of the form

y = f(x)

Where the roots are the values of x for which y is equal to o.

fx) = x>+ x—6 m——> Roots of this polynomial are 2 and -3

Quadratic Polynomial

= (x — 2)(x + 3) ?

20

X 10- N\

0_,

-10
-5

Polynomial with two real roots




Polynomial Functions
e Cubic polynomial:

f(x) = agx® + a1x° + axx + a3

3 real distinct roots

3 real multiple roots

1 distinct real root and 2 multiple real roots

1 real root and a complex conjugate pair of roots

Examples of functions: s =@ -3)@+Dx-1)
=x* -3 -x+3

folx) = (x = 2)°
=x° — 6x7 +12x — 8

fo(x) = (x + 4)(x — 2)°
= x> —12x + 16

fax) = (x + 2)(x — @+0))(x — (2—1))
=x>—2¢* —3x + 10




Polynomial Functions

Distinct Real Roots

=& =3)x +Dx-1) 50
=x* -3 -x+3

Fx) = (x — 2)° 0
=2~ 622+ 12x - 8

50 -

falx) = (x + 4)(x — 2)° =

=x3 - 12x + 16 2100 |

fa(x) = (x + 2)lx — @+ x = (2-1))

=2 — 292 ~ 3x + 10 -150 |

Triple Real Roots

-200
-5

Single Root, Double Root

40,

Single Root, Complex Roots

Cubic volynontials




Polynomial Functions
 Roots of Polynomial:

roots(a) Determines the roots of the polynomial represented by the
coefficient vector a.

Example: flx) = x> — 2x* — 3x + 10

P = [1:-21"311015
r = roots(p)

r = roots([1,-2,-3,101)

polyval([1,-2,-3,10],r) —> Value of the polynomial

at the roots

poly(r) Determines the coefficients of the polynomial whose roots are
contained in the vector r.

a = poly([-1,1,31); w——> The result
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Solutions to Systems of Linear Equations

Consider the following system of three equations with three

unknowns:
3X+2y-z=10

-X+3y+27=5

X-y-Z=-1




Solutions to Systems of Linear Equations

Consider the following system of three equations with three

nkn .
UIKNOWIS 3X + 2y — X = 10

-X+3y+2Z2=5 "~ AC:B

X-y -z =-1

A=[3,2,-15-1,3,251,-1,-1];
B=[10; 5 ; -1];
C=A\B;

Try this: C=B/A; And try this also: C=inv(A)*B;




Example: Electrical Circuit Analysis

Rs
ANANA——

D O

(R,+R,)IL,—R,1, + 01, =V,
—R,1,+(R,+R,+R )1, —-R,1, =0
O1L—R,L, +(R,+R ), =V,




Example: Electrical Circuit Analysis

Using input values for the resistors and voltage sources, compute

the three mesh currents in the circuit shown in the figure.

A3
ANN




Example: Electrical Circuit Analysis

The following I/0O diagram shows the five resistor value inputs
and two voltage source inputs to the program. The output

consists of the three mesh currents.

Resistor Values

» Current values

\oltage Values




Example: Electrical Circuit Analysis

For a hand example, we use the following values:
R,=R,=R,=R,=R_=1 ohm
V,=V,=5 volts.

The corresponding set of equations is then 5 i 10
1,1, +01, =5

—i,+3i, — i, =0
We use MATLAB to compute the solution 01—, +21; = =5

This gives:
X=

A=[2,-1,0;-1,3,-1;0,-1,2]; 2.5000

B=[5;,0;-5]; 0

-2.5000
X=A\B;

ERR=sum (A*X-B) 0




Example: Electrical Circuit Analysis

$This program 1s for electrical circult analysis
%Read resistor and voltage values
R=input ('Enter resistor wvalues in ohms, [R1..R5]'):
V=input ('Enter wvoltage wvalues in volts, [V1 VZ]'):;
$Initialize matrix A and vector B using AX=B form
A=[R(1)+E(2),-R(2), 0;-R(2), R(Z2)+ER(3)+R(4),-ER(4); 0,-E(4), R(4)+R(2)];
B=[V(1);0;-v(2)]1-
if rank(a)==

fprintf ('Mesh Currents \n');

1=A\E;
else

fprintf ('"No Unigue Scolution');
end




Example: Electrical Circuit Analysis

Enter resistor values in ohms, [R1...R5] [11111]
Enter voltage values in volts, [V1 V2] [5 5]
Mesh Currents
1=
2.5000
0
-2.5000

Enter resistor values in ohms, [R1...R5] [28 6 6 4]
Enter voltage values in volts, [V1 V2] [40 20]
Mesh Currents
1=

5.6000

2.0000

-0.8000
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Optimization Problem

« Statement of an Optimization Problem

An optimization or a mathematical programming problem can
be stated as follows.

x
X2

"+ which minimize /maximize AX)

X

LN

subject to the constraints

9;(X)<0, ]J=12...m [nequality constraints
;(X)=0, J=12..,p Equality constraints




Optimization Problem

Optimization Problem

Design vector (Set Objective Set of inequality

+ ° d
of unknowns or Function and/or equality
decision variables constraints
) AX)

X, 0;(X), 1;(X)




Optimization Problem

« Example-1:

¢ objective
function

f=tfuel economy

distance traveled per
unit of fuel used; in
miles per gallon (mpg)
or kilometres per litre
(km/L),

¢ Design vector or unknown

X = {x, } = {car speedin mph or Knvh}

Fuel economy (mpg)

=11
o

o
o

NN
(=]

e
o=

[
o
|

-
=
|

0

—— 1988 Chevrolet
Zorsica

- 1993 Subaru
Legacy
1994 Oldsmobile
Dlds 88
1994 Oldsmobile
Cutlass

—— 1994 Chevrolet
Fickup

-2 1994 Jeep
Grand Cherokee

0 10 20 30 40 50 60 70 80 90
Speed (mph)

— 1994 Mercury
Villager

— 1995 G eo Prizm

— 1987 Toyota
Celica

¢ Constraints

g,(X) = x, < speed limit




Optimization Problem

Problem
Statement

I

Formulate an

problem

Use a solver
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Matlab Optimization Toolbox
« What Is the Optimization Toolbox?

= Collection of functions that extends Matlab capabilities
» Includes functions to solve difficult optimization problems
»Minimization and Maximization Problems

»Multi-variable objective function optimization

» Linear and Quadratic optimization

»Nonlinear system of equation solving

»Nonlinear least squares and curve-fitting




Matlab Optimization Toolbox

« Minimization

— Unconstrained minimization function min f (x)
X

e fminunc (fun,X,)

— Constrained minimization function min, f(x) such that
( c(x) <0 } Non-linear inequality
ceq(x) =0 } Non-linear equality
A-x<b } Linear inequality
Aeq - x = beq} Linear equality
b <x<ub } Bounds

« fmincon(fun, X,, A, b, Aeq, Beq, 1b, ub, nonlcon)




Matlab Optimization Toolbox

« Equation Solving
— Nonlinear equation solving
e fslove(fun,X,)
« Curve Fitting
— Nonlinear curve fitting

* Isqcurvefit(fun,x0,xdata,ydata)




Matlab Optimization Toolbox

« Examples using the Matlab Optimization Toolbox
— Unconstrained Example
— Constrained Example

— Constrained With Bounds Example




Matlab Optimization Toolbox

« Unconstrained Example

function unconstrainedOptimizationExample

tzlearing all previous data X ) )
cle,clear,close all mxlne 4 xi+2x5 +4x1x5 + 2x, + 1]

X1
¥ Make a starting guess at the solution X = [xz]
®x0 = [0,0]:
¥ (verwritting the default optimization options
options = optimset ('Display', 'none', 'Largeicale!,'off!');

¥ Calling the constrained mwinmization function
[x,Lval,exitflag, output] = fwinunc (fobjfun, x0,options)

(Defining the ohjective function
function £ = obhjfunix)
f = expix(l))* (4% (1) 2427 (2)"242F (1) F(2) 4272 (2] +1);




Matlab Optimization Toolbox

« Unconstrained Example

function unconstrainedOptimizationExample
. . 0.5000  -1.0000
tzlearing all previous data
cle,clear,close all

fral =
¥ Make a starting guess at the solution
®x0 = [0,07]: 1.8304e-015

-

¥ (verwritting the default optimization options el
gxitflagy =
options = optimset ('Display', 'none', 'Largeicale!,'off!');

¥ Calling the constrained mwinmization function
[x,Lval,exitflag, output] = fwinunc (fobjfun, x0,options)

output =

(Defining the ohjective function , ,
iterations: 7
function £ = obhjfunix) funcCount: 33
L = exp(x(l))* (4% (1) "24+2%X(2)"2+2% (1) * R (2)+2 %0 (21 4+1); stepaize: 1
firstorderopt: 2.4568e-008
algorithm: 'mediuww-zcale: Quasi-Newton line search!




Matlab Optimization Toolbox

« Constrained Example

function constrainedOptimizationExample

tolearing all prewvious data
clo,clear,close all

mine*1[4 x? + 2 x5 + 4 x;%, + 2x, + 1]

o

% Make a starting guess at the solution

e
X
X1
«0 = [-1,1];: X = [xz

Y Cwerwritting the default optimizatcion options
options = optimset|'Display', 'none', 'Largelcale!' ,'off!');

o

¥ Calling the constrained mwinmization function ghlgllllﬁit
[#, Lwval]l = fwincon(Bobjfun, <0, [1,[1,01,0[1,[1,[],Bconfun, options)
confun (x) 1.5 X1Xp — X1 — X3 <0
¥ Definig the set of Non-linear inequalities and equalities constraints _xl X xZ S 10
function [, ceq] = confuni(x)
¥ Nonlinear inequality constraints
c = [1.5 + x(1)%=xi(2) - =x(1l) - =x(2):
-x (1) *=x{2) - 10]:

o

Y Nonlinear equality constraints
ceg = [1¢

tDefining the objective function
function £ = ohjfuni(x)
f = exp(x(1l))1*{d*x (1) 242%2 (21242 % (1) ¥ (2)4+2%x(2)4+1)




Matlab Optimization Toolbox

« Constrained Example

function constrainedOptimizationExample

tolearing all prewvious data
cle,clear,close all -5.541
% Make a starting guess at the solution
*xa = [-1,1]:

Y Cwerwritting the default optimizatcion options

options = optimset|'Display', 'none', 'Largelcale!' ,'off!');
¥ Calling the constrained mwinmization function

[#, Lwval]l = fwincon(Bobjfun, <0, [1,[1,01,0[1,[1,[],Bconfun, options) exitflag =
confuniix)

¥ Definig the set of Non-linear inequalities and equalities constraints
function [, ceq] = confuni(x)

¥ Nonlinear inequality constraints
o= [1.5 4+ ®x{1)*x(2) - x(1) - x(2): output =
-x (1) *=x{2) - 10]:
% Nonlinear equality constraints iterationg: 8

ceg = []: funcCount: 28

lasteplength: 1

tDefining the objective function stepsize: 4.2503e-004

function £ = chjfunix] algoritim: 'mediwe-scale: S0P, Quasi-Newton, line-search’
f = exp(x(1l))1*{d*x (1) 242%2 (21242 % (1) ¥ (2)4+2%x(2)4+1) firstorderopt: 8.5125e-007




Matlab Optimization Toolbox

« Constrained With Bounds Example

function constrainedWithBounds

yolearing all previous data
cle,clear,close all
mine*1[4 x? + 2 x% + 4 x;x, + 2x, + 1]
1k [0,0]: & Set lower hounds X

1 [ 1 % Mo upper hounds=

=0 [-1,1]: % Initial gues=ss

 Cverwritting the default optimization options
options = optimset ('Displavy','none','Largelcale' ,,'off'])

% Calling the constrained mimmization function
[x, fwall = fmincon(Bobjifun,=0,[]1,[]1,[]1,[],1lb,ub,Bconfun,options) Stuﬂliilat

&

% Definig the set of Non-linear inequalities and equalities constraints 15 xl X xz —_ xl —_ xz S O
function [e, cedq] = confunix)

% MNonlinear inequality constraints
c o= [1.5 + x{1)*=x(2) - =xi{1) - =x(2): —x1><x2 <10
-x (1) *x(2) - 107;:

% MNonlinear edquality constraints 2 _ —
meg = x(1)172 + x(2) — 1; X1+ X 1 0 }CQCI(X')SO

3Defining the obijective function
function £ = obifunix) lb <x
f = expix(l1)F(d*x (1) 24+2% 0 (2)"2+2* (1) " (2)+2*F= (2141




Matlab Optimization Toolbox

« Constrained With Bounds Example

function constrainedWithBounds

tclearing all previous data
cle,clear,close all

1k [0,0]: =
1 [ 1 % Mo upper hounds=
=0 [-1,1]:

3et lower bounds

% Initial guess

 Cverwritting the default optimization options
options =

o

% Calling the constrained mimmization function

optimset ('Display', 'none','Largelcale!’ [ 'off' ) 2

[, £fvall = fmincon(Bobifun,=0,[1,[1.01.0].1b,ub,Beonfun, options)

&

L Definig the set of Non-linear inequalities and equalities constraints
function [c, cedq] =

% MNonlinear inequality constraints

[1.5 + = (1) *=x({2) — =(1) — =(Z):

-x(1)*x(2) - 10]:

% MNonlinear edquality constraints

*(1)"2 + =x(2) — 1:

confun(x)

- =

ceq =

3Defining the obijective function
function £ =
f=

objfunix)
expix (L)) *(d¥Fx (1)~ 24+2 %2 (2)"2+d*=x (1) *x (2142 %= (2141 ;

-0.1429

exitflag =

output =

iterations:
funeCount:
lssteplength:
stepaize:
algorithm:
firstorderopt:

41

201

0.0033

0.0300

"medim-zcale: 3QP, Quasi-Newton, line-zearch
723111
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Design Problem

« Spring Design
A very simple design problem in engineering is to design a
spring under tension and/or compression for given

requirements or constraints including minimum deflection,
outer diameter, frequency, and maximum shear stress.

For a given problem such as forming a
spring using a wire, the adjustable
parameters or design variables are the
wire diameter w (thickness), the
coil diameter d, and the length L
(or equivalently, the number of active
coils).




Design Problem

« Spring Design
This design optimization problem can be formulated as follows:
minimize f(x) = (2 + L)dw?,

subject to g1(x) =1— W <0

)=
4d*? d
( ) 12566dw%u—w4 T 51{181«.!*i 1 <0
) =

140.45w
gs(x —,—d = <0

94(:[!) -1 ‘: 0

The simple bounds are
0.00 < w < 2.0, 0.256 <d < 1.3, 20<L <150
If we use the Matlab program, we can find the following best

solution: f. =~ 0.0075
z., ~ (0.0500, 0.2500, 9.9877)




Design Problem
e Spring Demgn

( 9

X= f(X):(2+X3)X2X12

Xz Xs
7178 %!

4X5 — XX, 1
_|_ —
12566 X, X, —X; 5108/

140.45x%
g3(X) =1- 2 : <0
X2X3

91(X) =1-

gz( )_

g,(X) =22 1< find X" =arg min £ (X)

1.5 .
st. g.(X) i=1234




Design Problem

« Spring Design
The bounds can be written as Lb < x<Ub

with the lower bound |b =[0.05;0.25;2.0]

and the upper bound Ub =[2.0;1.3;15.0]

Starting from an educated guess x0 =[0.1;0.5:10]




Design Problem

« Spring Design

¥ Zpring Design Optimization using Matlabh frincon
function spring

xO0=[0.1; O.5; 10]:

Lh=[0.05; 0.25; 2.0]; Ub=[2.0; 1.3; 15.0]7;:

% call matlabh optimi=zation toolbox
[#,fval]=fmincon(fobifun,=x0, [1,[]1.01, [1 ,Lb,Uh,dnontfun)

Y Obhjective function
function f£=okbjfunix)
f=(2+4x(31 1 = (L1~ 2*x (2] :

¥ Wonlinear constraints
function [d,ged]=nonfunix)

% Inedquality constcraints
gili=l-x(2)"3%x(3)/ (7178 x(1)"4);

gtmp=(4*Fx (2] "2-2 (11 ¥ (2) )/ (12586 %x (21 ¥ (11 "3-x (1) ~4);
gl2)=gtmp+l/ (51083*x(1)~2)1-1:
gi31=1-140.45%x (1) (X (2] 2% (3));

gl =x(li+x(21-1.5;

Y Equality constraints [none]
geg= []




Design Problem

 Pressure Vessels

Pressure vessels are literarily everywhere such as bottles of
sparkling drink, and gas tanks. For a given volume and working
pressure, the basic aim of designing a cylindrical vessel is to
minimize the total cost.

Typically, the design variables
are:

¢ the thickness d, of the head, ™~

¢ the thickness d, of the body,

¢ the inner radius r, and

¢ the length L of the cylindrical
section.




Design Problem

 Pressure Vessels

This is a well-known test problem for and it can be written as

minimize f(x) = 0.6224d,rL + 1.7781dyr? + 3.1661d°L + 19.84d>r,

subject to  g1(x) = —dy + 0.01937 < 0
g2(x) = —dy + 0.00954r < 0
gs(x) = —mr?L — %93 41296000 < 0
ga(x) = L —240 < 0.

The simple bounds are 0.0625 < d1, d> < 99 x 0.0625,

10.0 < 7, L < 200.0.

It is worth pointing out that d, and d, should only take discrete
values of integer multiples of 0.0625.

Solution: f. =6059.714,

x, = (0.8125, 0.4375, 42.0984, 176.6366)




Design Problem
- Pressure Vessels
X=(d, d, r L)
minimize
f (X)=0.6224 x,X,X, +1.7781x,x: +3.1661%.X, +19.84X.X,
subject to
d,(X)=-x,+0.0193x, <0

g,(X) =-x, +0.00954 x, <0
0;(X)=x,—240<0

9. (X) =— mx2x, —4?” x2 +1296000 <0




Design Problem

« Pressure Vessels
The first three inequalities g,,9,,9 , can be written as
Ax<b
(-1 0 00193 0) (0 )

0 -1 0.00954 O 0
0 0 0 1, 240

The simple bounds can be rewritten as
Lb = [d;d;10;10]; Ub = [99 X d; 99 X d; 200; 200],

where d = 0.0625.




Design Problem

 Pressure Vessels

=,

% Degign Optimization of a Pressure Vessel
function pressure wvessel

*O0=[1; 1; 20; E50]:

d=0.06825;

% Linear inequality constraints

A=[-1 0 0.0193 0:0 -1 0.00954 00 0O 0O 1]:

b=[0; 0O; Z40];

% Zimple bhounds

Lb=[d; d; 10; 10]; Ubh=[99%d; 99%d; zZ00; Z00]:
options=optimset ['Display','iter!', ' TolFun',1e-08) ;
[, fval]l=fmincon(Bobjfun,=0,4,b, [] , [] ,Lb,Uh,fnonfun,options)

=+

%3 The objective function
function f=objfun (=)
=0, 0224%x (1) Fx(3) *x(2)+1.7781*x (2) F=x(3)"2+3.1661*x (1) "2*x (4)+19.54%x (1) "2*%x (3] 0 - 7782

3 MNonlinear constraints O . 3846

function [g,geq]=nonfun(x=)
40.3196
% Nonlinear inequality 200 0000

g=-pi*x (3)°2%x(4)-4*pi/3+x (3)~3+1296000;

fval =
% Equality constraint [none]

geq= [1: 5885.3328

=,




Conclusion

Matlab is a high-level and interactive environment used
by millions of engineers and scientists worldwide.

It enables rapid development of prototypes.

Mathematical optimization problems have three components.
 Decision variables.
* Objective function.
« Constraints.

Matlab optimization toolbox can be used to solve these
problems.




